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chosen to correspond, in particular, to the conditions of applicability of the equations
used, If the flow is stable, then the perturbations will not increase and the conditions
indicated will also be observed at ¢>>0. Thus the arguments concerning the stability
in its classical sense made on the basis of utilizing Eqs,(1. 1) or (1. 8) are valid outside
the range of their dependence on the magnitude of the difference U/ —4, provided that
the latter does not vanish at 0 < 2 < 1.

We conclude by expressing our appreciation to V, T, Grin' and N, I, Tilliaeva for the
valuable discussions and help,
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NONLINEAR PROPAGATION OF WAVES IN MEDIA WITH AN ARBITRARY
NUMBER OF CHEMICAL REACTIONS
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We consider nonlinear wave motions in chemically active, gaseous mixtures the
change in the composition of which is governed by an arbitrary number of reac-
tions taking place. We impose on the equations of state the conditions ensuring
that the frozen and the equilibrium speed of sound have similar values, We carry
out an asymptotic analysis of the initial system of Euler equations together with
the chemical reaction equations. As the result, we obtain an approximate system
of equations for the velocity of the medium particles, and for the reaction com~
pleteness vector the order of which is equal to the number of the relaxation pro-~
cesses plus one,
1. Thermodynamics of the system, We assume that IV reactions take
place in the flow of a chemically active gaseous mixture. The change in the composi-
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tion of the mixture is characterized by the vector ¢ = (qy, . . ., ¢n), which we shall
call the reaction completeness vector, The concentrations of the components depend
on the magnitude of this vector. Let us denote by ¢ the time,by r the distance from
the plane, axis or center of symmetry,by v the particle velocity, p the density, p the
pressure and let 4" = (¢,’, . . ., ¢§’) and ® = (04, . . ., ®y) be the vectors defin-
ing the rate and the affinity of the chemical reactions. The equations of motion of the
medium are written in the form [1, 2]

g a i} 0 én

et —15=0, pT+wF4+5E =0 (1.1
oq aq ds 0s

o(zF+va)+T(F+vs)=0

aq oq .

P

where the values of the parameter v = 1, 2, 3 correspond to the flows with a plane,
axis and center of symmetry, respectively.

To close the above system, we must supplement it with another N + 2 equations
connecting the thermodynamic functions ¢, ®, P, p, s and T. In accordance with
the Gibbs relation the increment in the specific internal energy e , is

de =aodq — pdV + Tds, V =1/p

The first partial derivatives

de a
o= (&) - (&)

9; Qtyeeey @515 Qigys -+ N> YV, S 9 (]]-, V,s
o= (), .~ )

v _— N s i)% aj. s

de de
L

ds Qor, Ay, S Jds 2V

expressed in terms of ¢, V and $,represent the equations of state of the medium,

and provide the required N -~ 2 relations connecting the thermodynamic quantities.
As we know [1, 2],in the state of equilibrium the vector @ = 0. The chemical reac-

tion rate vector (" vanishes as well. Let us choose ®, V' and s as the independent

thermodynamic variables. If we assume that the vector ¢° is analytically dependent on

®, then in the vicinity of the state of equilibrium we have

¢ = —H(V, 90 + ... (1.2)

By virtue of the Onsager equivalence principle the matrix H = | ;, | is symmetric.
In accordance with the second law of thermodynamics, the entropy of the system can
only increase when the process is irreversible. From this we conclude that the matrix
H must also be positive~definite,

We shall regard the pressure p as a function of the density p, entropy s and of N
such quantities belonging to the sequence ¢y, . . ., §N, @1, - - ., ON, which are not
conjugate., Obviously, such a choice of the independent variables can be made in 2
different ways. Let us introduce the M-tuply frozen and (VN — M) -tuply equilibrium
speed of sound



Nonlinear propagation of waves in medis 543

a}M)z[(a_”)(M) ]‘“
¢ 9 Jgj, w8 (1.3)

Here and henceforth the superscript accompanying the thermodynamic derivatives indi-
cates that A/ components of the reaction completeness vector ¢ and N — M compo-
nents of the vector @ defining the chemical affinity, are referred to the independent
variables. We have therefore j =1, ..., M; k=M +1, ..., N. Weshall
write, for simplicity

() oo = o) (350, )
99, a;, o 0,8 %,, 5 0,8 ’ do, 5 @, P, 8 a ( oa, @, P, 8

where, in addition to the density and entropy, we use all components of either q or ®
as the independent thermodynamic variables. The completely frozen a; and completely
in equilibrium a, speeds of sound are given by

ap e an s
a4 = aV) — (__) ] — o) — (_)
=l =[(5), ] ==,

Differentiating with respect to p the identity

p(gli v O Oparr - - 1 ONG O S) =Pp {QD' s My (1.4
IM+ (QD coey My OM4qy o ooy ONy Py 3)1 e 4N (QI! coer My OM4gys - o e
ON, 0, 8); P 8]

we obtain N
an 8g \ M)
@P =at+ 3 (5“) (i')
=M1 I a0 8 dp Q5 @p, 8

To transform the latter expression into a symmetrical form, we set
N

Yu =€— 2 s
n=M-+1
The following relation is valid for the increment in the function 1y :
N

M
dpy = Y Ondim— Y Gndon— pdV +Tds
m=1 n=M-1
From this it follows that the derivative

)= =) = — B ()
% Jajups PP\ jgj o8 92( a“’n)q,-, op, V, 8
Differentiating the identity (1.4) with respect to ©, we obtain
N
ap (M * ap 891 on
o D VI € ) B ) M L
§r @ 0, 8 L=MA1 1 94, Py 8 n’/ 95 O &

Collecting the formulas obtained, we derive the following required relation:

N
T g, \* )
2 M) ... l 2
a; “‘(a’}e W= o2 Z ( E2 )q- @, p, 8 (aqp) (3“‘,’) (1.6)
=M1 neTr e Lig, e In. g, 0,8

Taking into account the method used to introduce the function P, we can show that
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the matrix | (g, / a(l)n)(q‘:f‘)"k,ﬂ,! | is symmetric. In fact

(aqf )‘M’ fa )“‘” 9,

i — — Ams——— _— -—_g

00,/ g;, wy, 0, ¢ 00,00, /q, oy, 6,5 ( o0, )c,-. oy, 0,8
in the particular case at M = ( , the formula (1. 6) yields the expression

N
1 8q dn ap
f e o2 1 E ) \ Do, Jop 0.8 aq, a0 dq, a0, (1.7)

, n=1 !
for the difference of the squares of the frozen and of the equilibrium speed of sound.
The elements of the matrix | (3g, / 80 ,)e, 0, | - ave defined in terms of the elements
| B, / 0q4)a;0, | where the indices I, n =1, ..., N. The second of these two
matrices can be conveniently regarded as the straight matrix, in which case the first one
will be an inverse matrix, Since

(Bc}z) ( % ) (3mn>
99, /a; 0.5 T \0q,9q, g 0.8 =\ g, Jaj0.s

the straight matrix | (dw, / 0qn)q;,e,s | Will be symmetric, Moreover, the condition
of thermodynamic stability of the system implies its positive definiteness [1, 2]. The
symmetry of the inverse matrix [ (g, / 0@ y)w,ps  follows directly from the above
arguments, provided that we set A == (. This enables us to conclude that the latter
matrix is also positive definite,

Turning now our attention to the right-hand side of (1. 7), we find that the properties
of the matrices deduced above, imply that

ai? — a8 >0 (1.8)
The equality in (1. 8) is attained under the condition that all derivatives
(Bp/Omn)qj,p,s =0, n=1,... N.

Since ( am,ﬂ> 1 (Bwn) 1 [op
dp s — pE \ 8V 1, R (&qn)qj, P, s

which means that either the pressure depends on the density and specific entropy only,
or (which is equivalent) the vector @ defining the chemical affinity is a function of the
reaction completeness vector and specific entropy only, but remains constant when the
density changes.

2, Energy equation, Let us transform the third equation of (1.1) which follows
from the law of conservation of energy. We write the specific entropy increment interms
of the pressure and density increments, A! components of the reaction completeness
vector and N — M components of the chemical affinity vector

as M [ o (2.1
I — (a¥Y2dp — :
ds - (ap )q,-,wx,p dp — (a0 dp
M ap \(M) . N © 9 \(M)
Y (i) don— Y, (7a) doy
- m/ e, O, 0,8 ey v Y /g, 0, 0, 3

From (2. 1) we find at once
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2 o (o) = 0=

1 (M) dq;
T Z < wtVs ) +
2N [ an @D aqm
ot .
m=1 9j» ©p P> ¢
i (a,, o (8&)ﬂ+ awn>
l} P

| i) )q @ 0, 8 ot ar

and combining the above relation with the equations of continuity and conservation of
impulse, we obtain

o d ] 9 —
3+ 0+ a0 57 a0 [+ 0 4 o) T+ Lt vapn] = 12 (2.9)

If we refer all components of the reaction completeness vector to the independent ther-
modynamic variables, then

(v+a,)ar+pa,[at+(v+a,) 5 v';iva;].:L;—_— (2.4)
N
;[(si':) ) NG

Equations (2. 3) and (2. 4) express the consequences of the law of conservation of energy
in two different ways. Formally, they are analogous to the relation often used in the
theory of flow of inert gases [3] and transform to this relation when

= (0P 0gm)ir oy 05 = (0P [ 00,) 0y 0,5 = 0

In the latter case the operators Lff‘? and L; appearing in the right-hand sides vanish
identically ; moreoverthe M ~tuple frozen speeds of sound coincide with the W —
M) -tuple equilibrium speeds of sound forany M =0, 1, ..., ¥, and are equal to
the unique velocity a == (dp / 0p)s" of propagation of small perturbations,

3, Speeds of sound, Letus assume that although the magnitudes of all M -
tuply frozen and (N — M) -tuply equilibrium speeds of sound in a reacting medium
differ from each other, the differences are small, Let the quiescent state through which
a wave of small amplitude propagates, represent the state of complete thermodynamic
equilibrium. Denoting the parameters of the unperturbed gas by the index zero, we set

8o _ 9% _ Py s .

("—%;)qj. et (3—-——-—%8‘/0)%3 = —g, 3 Give 1= 1,...,N (3.1
where g, is a small positive parameter and ejy, are dimensionless quantities of the
order of unity. The nonlinear perturbation theory for media in which a single chemical
reaction takes place, was based on the above assumptions and developed in [4 — 7], From

1. 6) we see the difference
(1.6) 3, — (@) ~ (N — M)te,?

When the number of the independent relaxation processes is finite, this difference is of
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the order of g,% Thus, by imposing the restrictions (3. 1) on the equations of state of the
medium, we ensure that all unperturbed speeds of sound differ slightly.

Let us clarify how the magnitudes of these speeds change with varying density, the re-
action completeness vector and the chemical affinity vector. From the definition (1. 3)

follows (aa}gd))(m L 3 ( op )( )

TG Wy 2, 8 - 20§20 9p\3q,, m=1,.. ., M (3.2)

0 '
qm Q}'y mk, P8

Differentiating the identities (1.4) with respect to g, , we obtain

N
(a,, )(M) - ( an) DY (0ql)(M] (an) (3.9
¥ Jaj, 04 08 ¥m Jaj 0.5 1A W/ a5 o 202 \ 99, g0, '

Applying the formulas (3. 2) and (3. 3) to the equilibrium state of the mixture and sub-
stituting into them the quantities (9p / dg,y); ,, s » We arive, in accordance with Egs.
(3. 1}, at the following estimate:
M
B D)

(5‘;-) ~8y m=1,..., M (38.4)
mo /¢; o, 0,8
Returning to the definition (1, 3), we further have

1 2 ( ap (M)

8a}leu)
( amn )q]', (ﬂk, P, 8 2&;2!) 89 6(")::)(1';, mkv Py 8

The derivatives (dp / 8@3,,)2,‘;,’{% o, s appearing in the above expression are definedby

the relations (1. 5). Writing them down together with the relations (3. 5) for a quiescent
mixture, we see that i, (M)
(ag) ~8, n=M+1,.. N (3.6)
N0/ Fjs Vg @0 8

y n=W34t,. N (3.5)

i

In other words, changes in the values of the reaction completeness vectors and the che-
mical affinity vectors do not appreciably affect the values of the M -tuply frozen and
(N — M) -tuply equilibrium speeds of sound.

Finally, in accordance with the definition (1. 3), we have

(M) (M) (M) 2.+ (M)
(L) =t om0 = g (7]
ap g;. o, P 7e 208 (a5, s 9} s

As we know [3], the second partial derivative of the pressure with respect to specific vo-
lume, determines the stability of the inert gas flows, In the present case we have

a2p\ (M) an
(m)Qj,wk,_s - (m)qj,s + Ql+ 02 (3'7)
N
;] (M) o
1 v 909508 3{/0([‘. a8

(3%)“”) ( 2%n ]
nAT1 W Jaj a0 aqlagn)Qja V.s

N
o=y (ﬂ) [(L(iﬁ)‘“’ Jout
9, Jar v, sINOV NIV Jo a0 o) 0z

I=M-+1

MZW
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n=Mt1 a5, @y,

N
3 G
vV qj, W, 8 0qn oV >q]~, v, s]

Since (dq, / 6V)fllx)wk, s = (dp / 0(01)51?0,}:‘ v, s it is clear that the quantity Q,y~e 2.
The last term appearing in the right-hand side of the first formula of (3.7) can be esti-
mated by computing the following expression:

& (99, 0 i 2p \0D (a‘ﬂv>
<aqn (aV >qj‘ mk,_8> q], V,s o v=M 1 <amlamv>0j, mk, V, 8 (?qn / q]', V.s
(M)

(a <6ql>(M) | _f .
v \av aj, o, s)q]-,s - aV@m,)Qj, ©p, 8

i 3p (M) oan
( amza“)v>qj, Wy Vv, s <aqv>qj, V,s

v=M-+1

from which we see that Q,, ~ &,2. Collecting together the results obtained, we arrive

at the estimate 1 92p (3.8)
(7).

m,o — m}%)fv Saz, m, = m{; a—VE

4, Asymptotic expansions, Letusassume that the magnitudes of all charac-
teristic quantities of the gas mixture deviate little, at any instant of time and every point
of space,from their corresponding quiescent values. As we know [1— 3], the transmission
of signals in a relaxing medium is accompanied by dispersion, and in the limiting cases
the speed of this transmission coincides either with the frozen, or with the equilibrium
speed of sound. For the media considered here both the above speeds of sound have near-
ly equal values, Clearly, the velocity a, of propagation of the acoustic waves will not
be very different from the above values, since it is bounded by the inequalities a,, <
@y <{ @9 In the nonlinear theory of small perturbations it may tum out that a5y <T ay,
e.g. the shock wave propagates at the velocity which exceeds both the equilibrium and
the frozen speed of sound, We shall nevertheless assume that the difference between
these quantities a,, e and a;,is small, and we set

a0 — afay’ = ,23a, (4.1
in the limiting cases when M = 0 and M = N we have, respectively,
Qg — Qoo = 8Pely, Qg — a5 = Ea°Psag 4.2

the constants B(*), B, and P, are obviously of the order of unity,

Let us introduce a moving coordinate system attached to the element of the propagat-
ing wave, and denote by L the characteristic length in this system. We assume that the
flow of the relaxing mixture represents a short wave,i,e, the width of the region in which
the perturbations are concentrated is small compared with the distances covered by the
propagating wave. Let A be a small numerical parameter, then the independent varia-
bles become ¢ = _AI_,_t,, r = aot + Lr' (4.3)

o
Concerning the perturbations in the values of densify, pressure, temperature, entropy and
all speeds of sound considered above, we assume that they have the same order as the
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velocity of the medium particles, the latter proportional to another independent small
parameter &£. Passing to the dimensionless unknown functions, we have

v=ugea, p=po(1+ep’), p=p,(1 + ep’) (4.4
T =T, +¢el), s=s,(1+es), afd’ =af 1 + e(af?)']

We replace the right-hand side of the last equation of (1. 1) the vector q defining the
rate of the relaxation processes, with its expression given by (1,2). Inspecting the result-
ing expression and taking into account the sequence of equations

(ﬁ}i) =8, e, i=1,..,N
6V q]'y s s3 qio 'iVo' e Y
we arrive at the conclusion that the perturbed reaction completeness vector is propor-
tional to the product of the small parameters £. and &,, and the chemical affinity vec~
tor must also be proportional to this product, Thus we have

Py
910P0

gi = qio(1 +e8,q"), @ =eg, s i,l=1,...,N (4.9

5., Analysis of the Euler equations, In deriving the asymptotic equations,
we shall retain in all relations only the principal terms, neglecting the terms of higher
order of smallness, We shall also omit the primes accompanying all dimensionless vari~
ables,

After the linearization, integration of the first two equations of the system (1. 1) yields
the formulas 0= E;Z_(:;lp - (5. 1)
The first of these equations expresses the fact that, within the approximation considered,
the compression of the gas is reversible. The second formula states that when the com-
position of the reaction mixture is constant, the Riemann relation characterizing a plane
sound impulse propagating through an inert gas [3] holds for the whole flow of a multi~
component reaction mixture.

Taking into account the formulas (4.4) and (4. 5), we find from the third equation of
(1.1) that s ~ ee,?, i.e. that within the adopted accuracy

s =20 (5.2)

Let us write a general expression for the deviation of the pressure from its equilibrium
value in a quiescent medium, using the density, entropy, M components of the reaction
completeness vector and N — M components of the chemical affinity vector as the
inde pendent thermodynamic variables, We have

. ap \ (D Y ap \OD
PoP = (a§eo)) Pop + (m)qj,mk,psas + 2‘ (——") Imo8alm +

d
Lmd \%mo/qj a0,
ap \OD .
a 8¢(‘}n
©no/q;, @y, 0,5 TnoPo

n=M-1

Here the second term in the right-hand side vanishes by virtue of Eq. (5. 2). Further, pas~
sing from the M -tuply frozen and (N — AM)-tuply equilibrium speed of sound asly)
to the velocity of wave propagation g, with the help of (4. 1), taking into account the

estimates of the thermodynamic derivatives obtained above and neglecting the terms
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proportional to &,2 , we return to the first formula of (5. 1).

Next we tumn our attention to the chemical reaction rate vector. We set
qmj:;po hiio
Here T;; has the meaning of the time of relaxation of the i-th element, which is go~
verned by the magnitude of the chemical affinity of the [-th element, and hirg is a
dimensionless quantity of the order of unity. Since the matrix | k;; | is symmetric, it
is expedient to choose T;; = 7;;. Substituting now the formulas (4.3) and (4. 5) into
the last equation of (1. 1) in which the vector { is replaced by its expression (1. 2), we
find that in the first approxzmatlon

L
Zsthlmmx, Ny=——, i={,..,N (5.9)

0¥y

hito =

We see that Eqgs, (5. 3) contain additional numerical parameters N;; which express the
rarios of the macroscopic times T = L / a, to the relaxation times t;;. When allthese
ratios tend to zero or infinity, the analysis is considerably simplified. In the first case
the thermodynamic state of the flow is almost frozen, and in the second case it is almost
equilibrium,

The components of the chemical affinity vector can be expanded as follows:

N
o
o= eVopr 2V (70) g
i iV Up+ Po 4t \37y oy v, %0109, (5.4)
1=
The components of the dimensionless relaxation processes rate vector can be defined as
follows: %o

Qt = &g “qt

The last equation of (1. 1) now yields at once

ag; . L
#Z“Nﬂn ‘“*;-%-—, i=1,..,N

and comparison with the formula (5. 3) gives

1= = 3 () o

=1
It is clear that /N;; are the only real parameters while the numbers V; can be elimi-
nated altogether from the asymptotic analysis of equations.

We now use Egs, (2.3) and (2, 4) to derive the missing relation connecting the velocity
of the mixture particles with the components of the reaction completeness vector, Let
us write the increment in the M -tuply frozen and (N — M) -tuply equilibrium speed
of sound in terms of the increments of the density, entropy, M components of the reac-
tion completeness vector and N — M components of the chemical affinity vector, as
follows: (M)

2atMN\ (M) 2aMN\ (M)
oo — ()" oot (S0) " st

900 q, w,, s P

(M)

DT S N
dmod Z ) w ]
: me—1 Mo /3,0, 0,8 "0 e @, 0 8 TpgPo

D0
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Recalling the estimates (3.4) and 3, 6) and the relations (5. 2), we obtain the following
expression with the accuracy to within &,% ;

af20 = (mit — 1)p

Taking into account the expression (2, 2) defining the operator L}f) and the relation
(4. 1) which establishes the order of the difference between the velocity of the wave
propagation and the M -tuply frozen and (IV — M) -tuply equilibrium speed of sound
in a quiescent medium we obtain, after simple manipulations,

2 (emfsgv — £33 a"—}—A[ —}—(v-——i)—;’-]: (5.5)
M

i ap \(M) 9q,,

B DY S o
Podo® - ™\80,,0 aj, 0 0, 8 or

N
Po_ Z _1_( an >(M) 6mn}
Po Gy o O0un/a;, w008 O

Here, in accordance with formulas (3, 3), (1, 5) and (3. 1), the thermodynamic derivatives

are
dp (M) 0
= — &,Po [““"3 vo + Z ( ) €ve
(aqmo)q;»‘”h» £ ¢ Imo ™ qlo 9 mo Q5 O P 8
ap (M) N 1 ( aqi )(M)
= -— 8, Pa Z —_— €ive
( acom)qj, w0, 8 * L d10 \ 0O Ja; a0,

In expanding the frozen speed of sound into a series, we use the density, entropy and all
compenents of the chemical reaction completeness vector as the independent thermo-
dynamic variables. As the result, we obtain

- (aa,) +<6a,‘ <6af>
1041 == \ 5, Qj’SPoP 7)?) s 508 + &4 2; T qj’p'sqiﬂqi

from which follows

a; = (ms, — 1)p
with the accuracy to within &,%,
Using now the second expression of (4. 2) for the difference between the velocity of
wave propagation and the frozen speed of sound in a quiescent state, we transform Eq.

(2. 4) to the form P 3
2 (emyet — Ea23) 5 + A [2 %t v— 1)_;)_] - (5. 6)
N
N (.?__) 20
¢ poay? £ 0 aqio 05,008 ar

Let us compare the values of the thermodynamic coefficients m};‘g) and my,. In accord-
ance with Eq. (8. 8), their difference is of the order of €,2. Turning our attention to(4.1)
and (4. 2) we see that we can assume, within the present approximation, that

o ()™ = (B
Mo’ = Mjg == My = 55— =
fe0 0 0 2pgtag \ Vg2 00 2p¢%ae2 \ 9V,? ajs
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Let us now set M = NN in Eq. (5,5). We have M) = B, the second sum in its
right-hand part vanishes, and it becomes (5. 6). A direct check confirms that Eqs. (5. 5)
and (5. 6) coincide irrespective of the choice of the independent thermodynamic func-
tions. The latter of the two equations is simpler and therefore preferable to be used as
the missing relation connecting the particle velocity with the components of the chemi-
cal reaction compieteness vector,

8, Canonical form of the chemical reaction equations, We in-
troduce the vector

e = (el’ ey EN), e; == e;v, (6. 1)
and two symmetric positive definite matrices
F=|ful =1Nubio| (6.2)

10
o 1
G =|gu [ = {I —P-‘;— 010 (—‘6% >‘?;" V.s

Using the above notation we can write (5. 3) and (5, 4) as

9q/0r = Fo, ©=Gq—ep=Gq—ev (6.3)
respectively.

Transforming the components of the vectors ¢ and @, we can reduce Eq. (6. 3) to their
canonical form [8, 9]. Before anything else, we note that we can always choose a mat-
rix G for which the product F; == C*FC is the unit matrix E, where C* denotes
the matrix transposed to the matrix C [10]. Let us perform a change in variables

q=C*, o,=C0C"e (6.4)
Here C°I is an inverse matrix of C. Finally, we have

%‘i‘ =Eo;, o, =Gq —ew, e =0C?t, G =CGCH* (6.5)
Since the matrix G is symmetric, G is also symmetric. Therefore an unitary matrix
U exists such that the product G, = U*G,U = U™G,U is a diagonal matrix D.
Let us camry out another change of variables

g =U"q, @,=U"0 (6.6)
The first equation of (6. 5) is invariant with respect to such transformations, therefore

we have @
72-2— =Ew,, @y=Dqy,—ew, e;=Ule;, D=U'GU (6.7

Let us compute the diagonal elements of the matrix D = | d;; |- They are equal to
the eigenvalues of the matrix (G, since the transformation U™}G,U leaves them un-
affected [10]. Further, the equality C*FC = E means that C*F = C? and G, =
C*PG (C*)'I. We see that the diagonal elements of the matrix D coincide with the
eigenvalues of the product FG of the matrices F and G given by (6. 2).

Using different arguments we arrive at the relations FC = (C*)™ = (C™1j*, and
G, = G'GFC. we can also assert that the diagonal elements of the matrix D are
equal to the eigenvalues of the matrix GF. Since the matrices F and G are both
symmetric, we have GF = (FG)*, i.e. eigenvalues of the matrices FG and GF are
the same. Let us denote them by A;, ..., Ay, then d;; = 0 (i = ) and d;; =
A > 0. As regards the vector €,, combining the third equations of the system (6. 5)
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and (6. 7) yields e, = U™'G™le and the vector e is defined in terms of the known
thermodynamic derivatives ¢;v, using the formulas (6. 1).

It can easily be shown that the scalar product edq / dr is invariant under the linear
transformations introduced above. From this it follows that Eq. (5. 6) finally assumes
the form L. B v

2(emw — o) 5+ A2 50 4+ (v D)2 | = g2 Lo e, 20
and, together with Eqs. (6. 7) it forms a closed system of the order equal to the number
of the relaxation processes plus one.
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Among the attempts to extend the applicability conditions of the general theo-
rems of dynamics, a prominent position is occupied by several generalizations
of the area theorem proposed by Chaplygin and successfully applied by him to
solving a number of problems on the rolling of spheres 1, 2]. Further general-~



